Network motifs can capture basic interaction patterns and inform the functional properties of networks. However, real-world complex systems often have multiple types of relationships, which cannot be represented by a monolayer network. The multilayer nature of complex systems demands research on extending the notion of motifs to multilayer networks, thereby exploring the interaction patterns with a higher resolution. In this paper, we propose a formal definition of multilayer motifs, and analyse the occurrence of threenode multilayer motifs in a set of real-world multilayer networks. We find that multilayer motifs in social networks are more homogeneous across layers, indicating that different types of social relationships are reinforcing each other, while those in the transportation network are more complementary across layers. We find that biological networks are often associated with heterogeneous functions. This research sheds light on how multilayer network framework enables the capture of the hidden multi-aspect relationships among the nodes.
The increasing complexity of various natural and social systems has changed the communication patterns of multiple agents [1] [2] [3] . Nowadays, people commonly have accounts on different social networking sites and share information within the same site as well as across sites 4, 5 . The interactions through the same channel and cross channels can also be observed in, for instance, biological systems [6] [7] [8] [9] and transportation systems 10 . In biological systems, protein-protein interactomes have genetic, physical, colocalization and other types of interactions 11 . Similarly, in transportation systems, multiple modes of transportation (like trains, cars, flights, subways, etc.) enable customers to travel via more flexible and heterogeneous paths 10 . The substantial multiple types rule out the interactions of a traditional monolayer network framework from modelling simultaneous presence and relevance of multiple-mode communications 11, 12 . Consequently, a multilayer network framework was developed to represent such real-world complex systems, which explicitly incorporates multiple types of agents and multiple modes of interactions 4, 13 .
Since the methods and theories on monolayer networks are not applicable to multilayer networks 11 , their generalisation based on fundamental graph theory became important and necessary, which has already been addressed 14, 15 . Multilayer networks, with multiple types of edges among the same set of nodes, have been used to represent social networks 16 , gene coexpression networks 17 , protein interaction networks 13 and transportation networks 18 . Studies on multilayer networks found that the structure affects the dynamic process 18 , percolation 19, 20 and network evolution. The studies on multilayer networks contributed to the progress of research on interdependent networks and networks of networks 20 . Nevertheless, how to characterise natural and engineering network structures has not been well investigated regarding multilayer 2 networks.
Motifs, on the other hand, as the statistically over-represented small connected subgraphs can successfully capture the characteristics of interaction patterns and serve as basic building blocks in monolayer networks 8, 21 . As a matter of fact, motifs have been used to characterise various families of networks and adopted as a universal design principle for networks 22, 23 . In a biological network, for example, motifs are basic circuit elements with information-processing functions 24 . But, whether the monolayer motifs could capture the extremely complicated interaction patterns in multilayer networks is unclear. Several challenging research questions remain: how to define multilayer motifs precisely; what unique functions are processed by multilayer motifs; how are structural features of multilayer motifs related to the functions of the underlying networks 22 ; what are the topological differences of various networks in social, biological and engineering fields; and so on.
In this paper, we define and extract multilayer subgraphs from some real-world multilayer networks in different fields, i.e., social, biological and transportation networks. We perform statistical analysis on motifs by comparing the distributions of motifs with four identified topological subgraph properties (subgraph density, subgraph triad-density, subgraph correlation, and subgraph cosine-similarity). Analytical results demonstrate that the motifs in social networks and those in a neuronal network have relatively homogeneously distributed subgraph densities and subgraph triad-densities. On the contrary, genetic networks and a transportation network have relatively heterogeneously distributed subgraph densities and subgraph triad-densities. In 3 addition, the motifs are highly correlated and similar across different layers in social networks.
Associated with heterogeneous functions, motifs differ each other in subgraph correlation and subgraph cosine-similarity in genetic networks. Finally, motifs in the transportation network were found weakly correlated and dissimilar across layers.
Results
Multilayer Networks Dataset. In this study, the topological properties of the multilayer motifs in some real-world networks are investigated in three categories (three social networks, four biological networks, one transportation network). Although these networks have different numbers of layers, for consistency only 3-layer networks are selected. Examples of the 3-layer networks are shown in Figure 1 . Table 1 summarises the basic statistics and features of these multilayer networks. More details about the original datasets can be found in the Appendix.
Topological Properties of Multilayer Subgraphs. The abundance of certain types of subgraphs in a given network is related to specific topological properties, such as robustness, stability, assortativity and symmetry. The combinations of subgraphs with different structural properties give rise to the complexity of a network. To unveil combination patterns in multilayer networks, four subgraph properties are employed, which are described in the following.
Subgraph Density. It is to measure how densely connected a subgraph is. It equals the number of edges in the multilayer subgraph over the total number of possible edges: Subgraph Triad-density. It measures the transitivity in a subgraph through counting triads.
Differing from the transitivity in a monolayer network, nodes form triads through connections in the same layer and also through connections across different layers in a multilayer network.
So, the Subgraph Triad-density is defined as
when if the subgraph is undirected, w = 1; otherwise, if the subgraph is directed, w = 2.
Subgraph Correlation. Real-world networks exhibit multiplex correlations of nodes and their degrees 3, 25 . Here, a metric is introduced to quantify the interrelationship in a subgraph through counting the presence of edges at different layers:
where
and f (A
) is a piecewise function:
Subgraph Cosine-similarity. Though correlation describes how likely a pair of nodes would been correlated, it could be biased in describing subgraphs for neglecting some topological structures of the whole subgraph. Cosine-similarity is a measure of the angles between two non-zero vectors. If the vectors are independent, then they have a cosine similarity of 0. The Subgraph Cosine-similarity is measured by
where X α is a vector, which is vectorised from A α through concatenating each row into the vector, and similarly X β is vectorised from A β .
Analysis of Multilayer Subgraphs. More precisely, the motifs in social networks are relatively homogeneously distributed with subgraph density, subgraph triad-density, and subgraph cosine similarity. It is in line with the literature 26, 27 , where social networks have one common regularity that is the homogeneity. As individuals reinforce their roles by mutually strengthening interactions across layers, the subgraph correlations of motifs are relatively high. The majority of the motifs in S1 have high subgraph correlations and they are involved in all three layers. The relationships in S2 are least correlated, where the subgraph correlations of the majority of motifs are less than 0.25. As shown in Figure 7 , the motifs' distributions of the involved layers in S2 and S3 share the same pattern, in which the motifs having the work-related relationships are more prevalent.
Unlike social networks, the motifs in genetic networks are relatively heterogeneously distributed with subgraph density and subgraph triad-density, as shown in Figures 3, 4 . The majority of their motifs are uncorrelated across layers. Corresponding to the differences in functionality, the motifs in the genetic networks differ in both their subgraph cosine-similarities and their involved layers. G1 (drosophila melanogaster) has substantial motifs that are low in cosine-similarity Figure 6 . About 70% of motifs in G1 involve suppressive genetic interactions and synthetic genetic interactions simultaneously, as shown in Figure 7 . The subgraph cosinesimilarities of most motifs in G2 (homo sapiens) are zero. G2 has one dominant motif, which is frequently repeated (98.89% of all motifs and 42.34% of all subgraphs). The dominant motif only has synthetic genetic interactions, shaped as v j → v i ← v k in Figure 8 . Further investigation on the synthetic genetic interaction in G2 reveals that several nodes are over-represented in the interactions, forming interaction hubs ( Figure 1 ). These hubs are usually associated with specific modules of genetic functions. Interestingly, the interaction partners of those hubs usually do not interact with each other, and hubs in different layers do not overlap much, indicating the existences of modules for diverse functions 28 . However, it might be due to the limitation of the available genetic interaction for homo sapiens. The motifs in G3 (saccharomyces cerevisiae) have high cosine-similarity. In line with the existing research on monolayer networks 22 , all the genetic networks here have predominant interaction patterns that transmit information. terns. Second, it is mathematically challenging in enumerating subgraphs and extracting their isomorphic variants. In this paper, we derive formulates to compute the number of all possible 3-node multilayer subgraphs and their node-isomorphic subgraphs. Advanced algorithms and mathematical derivations are needed for n-node subgraphs (n > 4). Third, how to properly apply the empirical and theoretical results of multilayer motifs in the real world? Monolayer motifs have been successfully applied to community detection 30 , network design 31 , evolution of biological networks 32 , percolation of systems 5 , and dynamics analysis 33 . Multilayer motifs have a capability of encoding more information, thus can potentially enhance many applications. This study is limited to eight multilayer network datasets. Some datasets like G2 are rather small, simply because the available experimental interaction data were limited. In our ongoing research, we are actively identifying new multilayer motifs with high precision, hoping to make our investigation more complete in the near future.
Methods
Multilayer subgraph. In a monolayer network, motifs are small connected subgraphs that are over-represented than the randomised version of the corresponding network 34, 35 . Subgraphs g = (v, e) in a monolayer network G = (V, E) are classified to various types according to the number of nodes and the placement of edges. In a monolayer network G, the smallest subgraphs have n = |v| = 3 nodes. These 3-node subgraphs are divided into two groups, namely the chain and triangle subgraphs 34, 36 . These two groups of subgraphs have been proved to have significant influence on the topologies and functions of networks, and been applied to many problems like community detection in social networks 37 and functional analysis in biological networks 38 .
Extending the notion from single layer to multiple layers, multilayer motifs are small con- 
where ω denotes the number of possible connection statuses. In a directed network, ω = 4, because there are four possible statuses (null, ←,→ and ↔). In an undirected network, ω = 2, because there are two possible statuses (null, -). When considering three-node subgraphs it is needed to further account for the connections of different pairs of nodes, thus
For a more general case,
Types of Non-isomorphic Multilayer Subgraphs. The subgraphs could be node-isomorphic with each other. Node isomorphism refers to that a graph could be mapped to another graph by node-labels permutation without changing the whole structure of each layer 40 . For two sub- problem in graph theory for monolayer networks, and this problem also exists in multilayer networks 40 . Thus, only enumerations of two-node multilayer subgraphs and three-node multilayer subgraphs are discussed. The enumerations have two parts: undirected subgraphs (ω = 2), and directed subgraphs (ω = 4). The final numbers of non-isomorphic multilayer subgraphs are listed in Table 2 .
When the interactions of two nodes are undirected, the subgraphs are naturally symmetric. Thus, the number of possible two-node multilayer subgraphs, after removing nodeisomorphisms, remains the same. When the interactions are directed, simply take half of the sum of all (4 L − 1) subgraphs and the (2 L − 1) subgraphs without node-isomorphic subgraphs with itself:
, ω = 4
The number of possible three-node multilayer subgraphs, after removing node-isomorphisms, is not so simple. When ω = 2, the number of subgraphs, after removing node-isomorphisms, is
if one edge is fixed. The final number is the sum of counts with all possible fixed edges and then take away the unconnected subgraphs (ω = 2):
When ω = 4, the enumeration become more complicated and there does not seem to have simple closed form formulates. 
